We study a simple, effective and robust method for entangling two separate stationary quantum dot spin qubits with high fidelity using multiphoton Gaussian state. The fluorescence signals from the two dots interfere at a beam splitter. The bosonic nature of photons leads, in analogy with the Hong-Ou-Mandel effect, to selective pairing of photon holes (photon absences in the fluorescent signals). As a result, two odd photon number detections at the outgoing beams herald trion entanglement creation, and subsequent reduction of the trions to the spin ground states leads to spin-spin entanglement. The robustness of the Gaussian states is evidenced by the ability to compensate for photon absorption and noise by a moderate increase in the number of photons at the input. We calculate the entanglement generation rate in the ideal, nonideal and near-ideal detector regimes and find substantial improvement over single-photon schemes in all three regimes. Fast and efficient spin-spin entanglement creation can form the basis for a scalable quantum dot quantum computing network. Our predictions can be tested using current experimental capabilities.
I. INTRODUCTION
Quantum computers have the power to solve some problems much more quickly and efficiently than any classical computer.
1,2 Quantum communication between two distant elements in the computer or between two quantum computers can be established over a quantum channel and used, e.g., to distribute a key for encrypting data over a classical channel or to establish entanglement, which can then be used for quantum teleportation 3 or dense coding. 4 A leading model for the implementation of these tasks is a quantum network 5, 6 composed of many nodes, each containing one or several quantum bits (qubits), and high fidelity quantum channels connecting these nodes. Preparation, processing and storage of quantum information are performed at the network nodes, which must therefore be stable and in fixed locations (stationary qubits), while quantum communication is attained by photons (flying qubits).
Quantum dot (QD) spin qubits are promising candidates for stationary qubits in scalable quantum networks, as they are compatible with existing semiconductor technology, can be integrated on a chip with photonic crystal cavities, 7, 8 have short optical recombination and photon emission times, 9,10 can be manipulated by fast singlequbit [11] [12] [13] [14] and two-qubit [15] [16] [17] [18] quantum gates, and can be entangled with adjacent qubits by tunneling interaction 16 or with remote ones via entanglement swapping with photons.
19-21
Entanglement of stationary qubits is an essential resource in a quantum network. Inter-qubit entanglement can be applied to increase the quantum capacity of a channel, 22 and to implement quantum repeaters 23 for long-distance quantum communication. Entangled qubit pairs can also form the basis for entanglementassisted quantum error correction (QEC), which has fewer constraints and higher capacity than standard QEC. 24 The heralded entanglement of two remote stationary qubits can be achieved by first entangling the qubits with photons, which interfere on a beam splitter, and then performing a measurement on the photons, with one (type I) or two (type II) single photon detections indicating whether the entanglement creation was successful.
6,25 Type I heralded entanglement was suggested theoretically 26, 27 and implemented, 28, 29 but suffers from a low success rate due to the requirement of weak qubit excitation and due to high sensitivity to fluctuations in the photonic phase. Type II heralded entanglement schemes, 30, 31 which were also experimentally realized, [32] [33] [34] are exempt from the weak excitation requirement and, through two-photon interference, are more robust to noise than type I schemes. However, both single-photon heralded entanglement types use singlephoton states, which are very sensitive to noise, and as a result they currently produce entangled pairs at a slow rate of the order of 0.1 to 10 pairs per minute. 28, 29, [32] [33] [34] A question is raised whether this performance can be improved by increasing the number of photons at the input.
Several theoretical proposals to improve the entangled pair generation rate by multiphoton light included a system where the matter qubit is placed in a resonant cavity and interacts with coherent state light via coherent Raman scattering, 35 whereas the light at the beam splitter output undergoes continuous wave homodyne measurement. The use of multiphoton light, in this case, does not improve the results substantially over single-photon schemes, as the loss of a single photon produces "which path" information which leads to significant decoherence, impairing entanglement creation. Another theoretical work used twin-Fock or NOON states, 36 but again produced entanglement creation rates of the same order as single-photon schemes due to sensitivity to single-photon losses. Recently, robust multiphoton entanglement creation using coherent state light was put forward. 37 An entanglement creation rate of 1.2 × 10 7 pairs per minute was calculated for QD spin qubits with this scheme.
Gaussian states form a versatile, robust, powerful, yet simple, continuous variable alternative to qubits in quantum information processing. 38, 39 The single-mode Gaus-sian state is, in general, squeezed vacuum rotated and displaced in phase space, and thus includes coherent states, squeezed states and thermal states as special cases.
38
Multimode Gaussian states, in turn, can exhibit entanglement and be used for quantum cryptography, 40 quantum teleportation, 41 quantum communication, 42 quantum computation, 43 quantum cloning 44 and quantum dense coding. 45 Experimentally, Gaussian states are readily generated with photons 46, 47 and manipulated by many common optical elements, such as beam splitters and quarter-wave plates, which constitute Gaussian operations. 38 Gaussian measurements can be performed by homodyne detection.
48,49
Among all Gaussian states, the two-mode Gaussian state (N = 2), a simple bipartite continuous variable system, attracted much research effort in recent years. The separability criterion was given 50 as well as a closed expression for the entanglement of formation for symmetric states 51 and the logarithmic negativity entanglement measure for all states. 52 The purity, von Neumann entropy and mutual information were also found, 53 as was the quantum discord, 54 a measure of the quantumness of correlations for a given state.
We present a simple, effective, robust and scalable multiphoton entanglement generation method driven by two-mode Gaussian state light. Two fluorescence signals interfere at a beam splitter and are then subject to projective photon number measurement. The bosonic statistics of photons gives rise through the multiphoton Hong-Ou-Mandel effect, i.e. the Hong-Ou-Mandel effect as applied to photon holes in a multiphoton state, to heralded trion entanglement only upon two odd photon number measurements. Spin entanglement is obtained by reducing the trion states to their corresponding spin states through coherent Rabi rotations in the QDs. In contrast with current single-photon schemes, wherein an excited Λ system must undergo spontaneous emission for entanglement creation, 25 the evolution of our 4-level QD spin qubits before the measurement is completely deterministic.
The Gaussian state redundancy provides robustness against noise that is lacking in single-photon or vacuum states. In our system this robustness is manifested in the ability to offset photon absorption, noise and low detection efficiency by a moderate increase in the mean input photon number. We show the entanglement generation rate in our Gaussian state scheme is substantially higher than the ones in single-photon schemes for all three regimes of ideal, nonideal and near-ideal photon number detectors. Even though we have made no direct use of the continuous variable information, the strength of the Gaussian information, we hope that our results from employing the Gaussian states contribute to the viability of this mode of information processing.
The paper is organized as follows. In Sec. II we present the system model and Hamiltonian. We set criteria for the input photon state, find the state satisfying these criteria and solve the Hamiltonian exactly for this state. In Sec. III we describe the entanglement creation protocol in detail and derive the conditions and probability for heralded entanglement when ideal photon number detectors are employed. In Sec. IV we discuss the effect of decoherence, noise and nonideal detectors on entanglement creation. We arrive at the conditions and probability for heralded entanglement in the nonideal case and analyze the limits and properties of the success probability. In Sec. V we consider the problem of false positive measurements and offer several solutions. Finally, in Sec. VI we discuss the key results and consider directions for future research.
II. SYSTEM MODEL AND HAMILTONIAN
Our system, shown schematically in Fig. 1(a) , consists of two four-level, singly charged quantum dots (QDs) in the Faraday geometry 55, 56 in the limit of B = 0 T, a beam splitter and two photomultiplier photon number detectors. We note that the zero magnetic field requirement can be relaxed, so long as the Zeeman-splittinginduced difference in resonance frequency between the two QD level pairs is much lower than the trion state linewidth. The QD energy level diagram is given in Fig. 1(b) . The spin state ±1/2 of each QD functions as a qubit, and the goal is to create entanglement between these two spin qubits. The two levels |z ∓ are degenerate, as are |t ∓ . The allowed optical transitions in the first QD are between the |z − and |t − levels through σ − polarized light and between the |z + and the |t + levels through σ + polarized light, while the cross-spin transitions are forbidden in this geometry. For brevity we take the two QDs to have the same energy levels and denote the QD 2 states by tildes, |z ∓ , |t ∓ .
Our protocol for entanglement generation in this system is as follows. The first and second QDs are initially prepared in the |x + = (|z − + |z + )/ √ 2 and |x + = (|z − + |z + )/ √ 2 states, respectively, by, e.g., a π/2 laser pulse. 57 Afterwards, light is shone on each of the QDs and emerges at the beam splitter inputs with a fluorescence signal. The photon states at the beam splitter outputs are detected at the photomultiplier tubes, and the measurement results herald whether distant entanglement between the qubits was achieved.
We choose the composite photon state driving the QDs by specifying a set of conditions which facilitate the entanglement postselection procedure.
(1) The state should interact with both level pairs |z ∓ , |t ∓ in each QD, and hence it should be a two-mode state, with polarizations σ + and σ − at the resonance frequency of the levels ω 0 . (2) The state should be a multiphoton Gaussian state, since Gaussian states are expected to be more robust quantum information carriers than single-photon states.
38 (3) For simplicity, we follow the common practice 32, 33 in specifying the driving Gaussian state to have the same parameters for the two polarization modes. (4) The Gaussian state should be a pure state. The dot is in the Faraday geometry in the limit of B = 0 T, and the allowed transitions are between the −1/2 spin state |z− to the −3/2 trion state |t− and between the 1/2 spin state |z+ to the 3/2 trion state |t+ through σ∓ polarized light, respectively. The two states |z∓ are nearly degenerate, as are |t∓ . The energy level diagram for the second dot is identical except that z and t have tildes.
The mathematical details of the construction of the Gaussian state with the prerequisites defined above is given in Appendix A. This state is found to be the EPR state, which in the number state basis reads
where λ = tanh r, r is the squeezing parameter, and |m − , m + are the two-polarization mode number basis photon states. The average photon number in the EPR state is the same in both modes,
which will be used to characterize the input photon state. The variances in the photon number, also identical for both modes, exhibit super-Poissonian statistics, as (∆m) 2 = m 2 + m. The next step is to find the result of the interaction of the designed input photon state with each QD. We model the process by the state evolution of the JaynesCummings Hamiltonian
whereh is taken as unity, g is the coupling constant, and a i and a † i are the annihilation and creation operators for a σ i polarized photon with the resonance frequency ω 0 . This evolution idealizes the scattering process of the light against the quantum dot and the host matrix by assuming it is entirely reflected by the solid system. This mirror can be approximated by the reflection of the quantum dot grown on a substrate on top of a metal gate. We attempt here only a conceptual formulation and recognize the limitation of this aspect of the estimate of the entanglement efficiency as lacking in accuracy for an experimental design. The idealization neglects the photon loss in the actual physical processes. Possible remedies include wave guides as conduit of photon states and embedding each QD in a Fabry-Pérot microcavity tuned to have modes in resonance with the QD transitions [ Fig. 1(b) ]. We provide in the conclusions section an estimate of the errors if the latter method is employed.
The Hamiltonian in the interaction representation is the time independent H 1 because of the resonance condition. The state is governed by the Schrödinger equation
with the initial condition being the product of the QD initial condition and the photon state in Eq. (1),
The exact solution at time t of Eq. (6) with the Hamiltonian (5) is
where the subscript a denotes the photon path in Fig. 1 , and the photon conditional states are
We see the interaction results in photon and qubit states entanglement, which will be useful for inter-qubit entanglement creation. The beam splitter input state is thus |ψ a (t) |ψ b (t) , with |ψ a (t) given in Eq. (8) and |ψ b (t) , the state corresponding to the b photon path and the second QD, obtained from the same equation by writing it in terms of |x + and |t ± .
III. ENTANGLEMENT GENERATION
We detail the entanglement process. The input states to the beam splitter from the two QD's driven by coherent light interfere at the beam splitter. The total number of photons at each output is measured by a detector [see 
where a i , b i , are the annihilation operators of incoming photons of polarization i = ∓ along paths a, b, respectively, and, similarly, c i , d i denote the outgoing photons. The detection process can be described by projection operators, 1 each of which corresponds to a measurement result. Since the photodetection is insensitive to polarization, the projector for a measurement of n 1 and n 2 photons in the first and second detectors, respectively, is
|k, n 1 − k; l, n 2 − l k, n 1 − k; l, n 2 − l|.
(13) As these projectors are orthonormal, i.e. P n1,n2
, the measurement is a von Neumann measurement, and the state after the measurement is
where |ψ(t) is the state of the system after the beam splitter and before the measurement. The probability for this measurement is
The measurement probability Prob n1,n2 has the same form in the Schrödinger picture as in the interaction picture, since the transition to the former in Eq. (15), which includes insertion of exp(iH 0 t) and exp(−iH 0 t) operators, leads to the same expression. Thus Prob n1,n2 , calculated in the interaction picture, corresponds to the measurement probability of n 1 and n 2 photons at time t.
Consider first the case when n 1 is even and n 2 is odd or vice versa. The state after the measurement is
where U BS is the beam splitter transformation operator, and |ψ a,b (t) are given in Eq. (8) . The P n1,n2 and U BS operators act only on the 9 conditional photon states in |ψ a (t) |ψ b (t) , and as U BS conserves the total number of photons, only the terms in |ψ a (t) |ψ b (t) with an odd number of photons contribute. Of these terms |χ |χ ∓ differs from |χ ∓ |χ by m ∓ ↔m ∓ in each composite photon state |m − , m + ;m − ,m + a;b in it. This transposition is the same as a i ↔ b i , which after the beam splitter transformation (12) , is equivalent to d i → −d i and gives a (−1) n2 overall factor. The state after the measurement is thus
n2 |t ∓ |x + . The terms P n1,n2 U BS (|χ |χ ∓ ) in Eq. (17) have the same norm and are orthogonal, since |χ |χ ∓ differ only by an exchange of polarizations and are orthogonal, a property preserved by P n1,n2 and U BS . As |A − and |A + have the same norm and are orthogonal, the state following a − or + measurement at one QD carries no preference for − or + at the other QD, and |ψ n1,n2 has no spin entanglement.
Next, consider the cases where both n 1 and n 2 are odd or both n 1 and n 2 are even. The state after the measurement is again given by Eq. (16), but now the contributing terms have an even total photon number. Of these terms |χ − |χ + differs from |χ + |χ − by a i ↔ b i , which after the beam splitter transformation (12) , is equivalent to d i → −d i and gives an overall sign of ∓ in the odd-odd and even-even cases, respectively. The state after the measurement reads
where
and |B ∓ = (|t − |t + ∓ |t + |t − ) are the QD conditional states in the odd-odd and even-even cases, respectively. The photon states multiplying each of |B 0 , |B ↓ and |B ↑ are invariant under a i ↔ b i , which corresponds to (|t − |t + − |t + |t − ), Bell's fourth state, which is maximally entangled. By the selection rules in Fig. 1(b) , each trion state decays spontaneously to the corresponding spin state with a random phase. To preserve the entanglement and avoid the delay, the trion states should instead be reduced to the spin states by applying on each QD a pair of phase-locked π-pulses with polarizations σ ∓ .
Having shown that an odd-odd measurement heralds QD spin entanglement, we wish to investigate the eveneven case. The QD density matrix, found from Eq. (18) by tracing over the photons in |ψ n1,n2 ψ n1,n2 |, is in this case, up to normalization,
where the conservation of total photon number in each polarization was used to show that the photon states associated with |B 0 , |B ↓ , |B ↑ , and |B + in Eq. (18) do not lead to cross terms in the QD density matrix. The terms |B ↓ B ↓ | and |B ↑ B ↑ | have the same coefficient in Eq. (19) , since the photon states associated with |B ↓ and |B ↑ in Eq. (18) are identical apart from an exchange of the polarizations. The QD density matrix in Eq. (19) is a mixture of the density matrix q 0 |B 0 B 0 |, which is separable by the form of |B 0 , and the density matrix given by the rest of Eq. (19) . The last density matrix has q ≥ q + , as shown in Appendix B, and thus has zero concurrence. 59 We conclude we have no spin entanglement in the even-even case, as the density matrix in Eq. (19) is separable, being a mixture of two separable density matrices.
1
The association of spin entanglement with odd-odd measurements can also be seen to emerge from the bosonic nature of photons. The interaction with the QDs results in coupling photon hole states to |t − and |t + in Eq. (8) . The part of |ψ a (t) |ψ b (t) with no photon holes has an even total photon number and a photon state symmetric under a i ↔ b i and hence must produce only eveneven measurements. The parts with a single photon hole have an odd total photon number and contribute to oddeven or even-odd measurements. The parts involving two photon holes with the same polarization are associated with |t ∓ |t ∓ . For these parts, the photon holes interfere, owing to their bosonic statistics,à la the Hong-OuMandel (HOM) effect 60 to give a pair of holes at either one of the detectors, keeping the even-even measurement. This effect may be termed the multiphoton HOM effect, as photon holes exist in a background multiphoton state. The parts involving two photon holes with different polarizations are associated with |t ∓ |t ± . The photon holes evolve independently then and can either end up at the same detector or separate to give an odd-odd measurement. The photon state contributing to this measurement is the one antisymmetric under a i ↔ b i . Since the associated qubit state is |Ψ − , an odd-odd measurement heralds spin entanglement.
Having dealt with the states after the measurements, we now analyze the probability to obtain a measurement result, Prob n1,n2 in Eq. (15) . First, since the beam splitter inputs are identical, Prob n1,n2 (m, t) = Prob n2,n1 (m, t).
We are only interested in the odd-odd case for Prob n1,n2 , as this is when entanglement is generated. By Eq. (15) Prob n1,n2 = |P n1,n2 |ψ(t) | 2 . The discussion following Eq. (18) points to the term multiplying |B − as the only one remaining in |ψ n1,n2 in the odd-odd case, whereupon by Eq. (18) Prob n1,n2 = |P n1,n2
Plugging in P n1,n2 from Eq. (13) in Eq. (21), using total photon number conservation, and the beam splitter matrix elements being real, we obtain
where n 3 = (n 1 + n 2 )/2, m ′ = n 3 + 1 − m, and
The measurement probability in Eq. (22) is seen to be separable to an m-dependent part and a time dependent part. With the aid of Eq. (2) we have Prob n1,n2 (m, t) = f n1,n2 (m)g n1,n2 (t) with 
The two time scales in the Hamiltonian (3) are the reciprocals of the light frequency ω 0 and the coupling constant g. If the time interval between detections is much higher than 2π g , which is typically 56,61 of the order of 1ns, then for g n1,n2 (t) in Eq. (24) only the time average is of practical interest. Let us denote this average as C n1,n2 and the time-averaged probability of measurement as
where Eq. (23) was used. The form of C n1,n2 is found in Appendix C and used to plot Prob n1,n2 (m) for several values of n 1 and n 2 in Fig. 2 . The maximum of this function occurs at m = (n 3 + 1)/2. 
the sum over n 1 being evaluated using Eq. (C5). Equation (27) 
plotted in Fig. 3 . The asymptotic success probability at m → ∞ is seen by Eq. (29) to be 1/16. Since the success probability is monotonously increasing, we define the characteristic value of m needed to obtain entanglement, m 1/2 , as the one giving half this probability. This value for ideal detectors is, by Eq. (29), m 1/2 ≈ 2.08.
IV. IMPACT OF NOISE
We will now discuss possible sources of noise which affect the entanglement generation. The important factor is the effective detector efficiency η, which is the product of optical transmission factors, detector light collection solid angle ratio and detector quantum efficiency. The noise from imperfect generation of the EPR state is negligible, as this state can be prepared with high fidelity.
62,63
The noise from imperfect beam splitter and photon loss in the medium can be dealt with by introducing a constant multiplicative factor at the effective detector efficiency η. 32, 63 In addition, current typical detector dark count rates 19 of ∼ 100 Hz are much lower than the entanglement creation rate, and the spin qubit decoherence time of ∼ 1 µs, attainable by nuclear spin quieting techniques, 64, 65 is much larger than the time needed to generate entanglement following qubit state preparation.
The probability to measure m photons using a detector of efficiency η is given by the quantum theory of photodetection 61 as
where P n is the probability for n photons at the detector input state. For a number state of q photons, P n = δ q,n , and the probability to measure zero photons is, by Eq. (30),
q . This is the important probability for us, since measuring zero photons in either one of the detectors indicates that either the number of photons is zero, for which we get no entanglement, or that the detector did not interact with the light at all.
With nonideal detectors 32,33 η ≪ 1, and discerning the odd-odd measurement results from the rest is not realistic. We therefore consider coincident clicks in both detectors as a positive result with the understanding that some false positive readings will occur. With this understanding, the success probability for nonideal detectors is
where the sum over n 1 and n 2 is, as usual, only over the odd integers, and Prob n1,n2 (m) is given in Eq. (25) . Equation (31) reduces to Eq. (26) in the ideal detector limit of η = 1. For other values of η Eq. (31) is evaluated in Appendix D and plotted in Fig. 3 . We find the asymptotic value of the success probability is still 1/16 as in the ideal case, but higher values of m are needed to obtain a given success probability. Consider now the behavior of the ProbSucc(m, η) function at various limits. First, at m ≪ 1, we see from Eq. (25) that the dominant term in Eq. (31) is the one with n 1 = n 2 = 1. In this limit we thus have
The asymptotic behavior at m → ∞ can be found by the approximations in Appendix D, which, as noted there, are exact at this limit. We find
When η ≪ 1 Eq. (33) reduces to which is a function of mη, as was the case in Eq. (32) for m ≪ 1. By the approximations in Appendix D we find this dependence holds for all values of m when η ≪ 1, and in particular for m 1/2 , defined above by ProbSucc(m 1/2 , η) = 1/32, as shown in Fig. 4 . Consequently, the success probability satisfies the scaling law
where λ is a constant. This scaling law means that increasing the average EPR state photon number by a factor of λ is equivalent to improving the detector efficiency by the same factor. The dependence of the ProbSucc(m, η) function on a single variable mη enables us to calculate the value of the function for arbitrary values of η or m, so long as scaling applies, by its values for a single value of m or η. This property is called data collapse.
66

V. FALSE POSITIVE READINGS
The entanglement creation success probability was seen to reach the same asymptotic value of 1/16 when the mean input photon number m is large enough to compensate for the low detector efficiency. However, this success probability is merely the probability of true posi- tive measurements, while the probability for false positive measurements may be significant due to the inability to discern the parity of the photon number with low efficiency detectors. The probability to obtain false positive results equals the total positive measurement probability, the probability for at least one click at each detector, minus the true positive probability. It is found in analogy with the derivation leading to Eq. (31) and is
By noting that Prob n1,n2 varies relatively smoothly as a function of its arguments, one finds the false positive probability to be of the same order of magnitude as the true positive probability. There are many ways to cope with false positive measurements. One method is entanglement distillation through local operations and classical communications (LOCC) of all the positive measurement QD pairs obtained. 67 Other methods include performing a Bell measurement on the two QDs or unambiguous state discrimination via the projectors: Currently, the two aforementioned methods are not available for QD spin qubits, and hence we suggest avoiding the false positive readings problem by using low-noise high-efficiency photon-number-resolving detectors. In recent years, such detectors with efficiencies in the range of 90-95% were developed. [68] [69] [70] If we use detectors of high efficiency in our scheme and can keep the optical transmission factors high, leading to an effective detector efficiency above 80%, then using m = 5 will enable us to (1 − η) to the success probability of an ideal detector, vs m, the average photon number at the input EPR state. The effective detector efficiency, η, is assumed to be close to 1. The maximum occurs for m = 1.47 and is 0.0123.
discern between even and odd number of photons, largely eliminate the false positive counts and obtain close to asymptotic performance. In comparison, the low entanglement generation rate in single-photon schemes entails a higher ratio of false positive to true positive measurements due to detector dark counts, and this, in turn, translates to a lower entanglement fidelity.
32,71
We now wish to show that our scheme outperforms single-photon schemes also in this near-ideal detector regime. Even though the success probability for some single-photon schemes 32,72 is η 2 /4, which leads to an asymptotic η = 1 limit of 1/4, compared with 1/16 in our scheme, the single-photon schemes suffer from a factor of the order of 0.1 in η, which currently cannot be eliminated, due to nonideal single-photon sources. Moreover, the multiphoton state is more robust against noise, due to the fluorescence signal being redundantly encoded in multiple components of the state as can be qualitatively seen from Eq. (8) . This claim is quantitatively confirmed by writing the success probability as a series in the small parameter (1 − η),
While for the single-photon schemes, ζ(m) = 1/8, for our scheme ζ(m), found numerically from Eq. (31) , is plotted in Fig. 5 and is bound from above by 0.0123 which is more than 10 times lower than the single-photon result. For m = 5 suggested above this ratio is even greater.
VI. CONCLUSIONS
In this work, we demonstrated a simple, effective and robust protocol for generating entanglement between two stationary QD spin qubits using multiphoton Gaussian states. Our method is clearly distinguished from current single-photon schemes by the absence of fragile singlephoton states and noisy vacuum states and by unitary evolution before measurement in a spin qubit 4-level system, rather than spontaneous emission in a 3-level one. We showed resonance fluorescence entails entanglement between the photon and qubit states, and that measurement of photon numbers can herald a maximally entangled state of the QDs. The association of this state with two odd measurements was observed to be a consequence of the bosonic nature of photons via the multiphoton Hong-Ou-Mandel effect. For nonideal optical elements and photon number detectors, we pointed that, owing to the robustness to noise of the Gaussian states, the same success probability as in the ideal case can be obtained by an increase of the number of photons at the input. We then proposed the recently developed near-ideal detectors as means for decreasing false positive readings at the photon detectors, and found that also in this regime Gaussian states make our system less prone to noise than parallel single-photon schemes.
Throughout the paper we assumed the two QDs are identical, as are the two input EPR states, whereas, in practice, the parameter values may differ. We now show the results are maintained if the discrepancy is not too large. First, a resonance frequency difference between the QDs does not change the results if it is much lower than the trion state linewidth. Second, if the input EPR states parameters are λ and λ+∆λ, and the QD coupling constants are g and g + ∆g, then with m > 2, ∆λ/λ < 0.01% and ∆g/g < 0.01%, the expected fidelity of the qubit state relative to |Ψ − upon two odd photon number measurements at 0 < t < 40π/g is found to be higher than 99.7%.
With the caveats given following Eq. (3) concerning the system presented here not being a fully fledged experimental design, we hereby estimate the entanglement creation rate. The ideal photon process is now assumed to take place with QDs in microcavities and thus exhibits losses, which are now estimated. The strong coupling regime, which was experimentally realized in microcavities, 73, 74 is defined by Γ cav /2 < Ω, 75 where Γ cav = ω/Q is the cavity decay rate, ω is the radiation frequency, Q is the cavity quality factor, and Ω is the Rabi frequency. In this regime, assumed here, Rabi oscillations have a decay rate Γ cav . The present collection efficiency of light out of a planar microcavity containing a QD can be made to be better than 10%. 19, 20, 73 The probability for resonance fluorescence in the microcavity, in turn, can be made to be higher than 50%.
73 By taking these lower limits, the probability for resonance fluorescence and successful collection from each quantum dot is C ≈ 5%. QD spin qubit state initialization in the Faraday geometry was performed within ∼ 1 µs, 57 while EPR states were prepared in ∼ 1.3 µs. 62, 63 With photodetection time being much shorter, 19 the repetition rate R is approximately the reciprocal of the larger of these two times. If we now assume that the aver-age number of photons in the Gaussian states is large enough for the success probability to reach its characteristic value of P = 1/32, the entanglement generation rate is C 2 P R ≈ 3.6 · 10 3 min −1 , which is 3 orders of magnitude larger than the single-photon heralded entanglement creation rate. 28, 29, [32] [33] [34] In addition, the spin qubit entanglement fidelity may be expected to be close to unity assuming high-fidelity preparations of the QD states and Gaussian photon states.
The experimental realization of this proposed entanglement method may be an important step towards fast and scalable quantum computation and communication. More generally, our work provides one illustration of Gaussian photon states being a viable alternative to single-photon ones as information carriers. In analogy, future work may be the application of spin Gaussian states to replace single-spin qubits as information carriers. Another direction may be to explore the use of spin qubits to influence photon Gaussian states for Gaussian information processing. Our method also has a limitation. The selection rules in the Faraday geometry provide excellent insulation of two-photon state evolution paths, which can be utilized for distant entanglement of stationary qubits. The Voigt geometry has many advantages, such as fast initial state preparation, 76 but our entanglement method will have to be drastically redesigned in this geometry, as its selection rules allow transitions between each spin state and both trion states.
Appendix A: Gaussian States
We provide the detail for writing down the input Gaussian state with conditions specified in Sec. II. A Gaussian state can be defined via its Wigner quasiprobability distribution, given by
are the phase space coordinates vector, displacement vector and covariance matrix, respectively, with N being the number of modes. The phase space operators are given by
, wherē h is put to unity for brevity.
The Gaussian state is characterized completely by its displacement vector x and covariance matrix V . A general two-mode Gaussian state can be reduced by local unitary operations on each mode, which do not affect the purity and entanglement in the state, to the standard form, 50 where x = 0 and
Condition ( 
The resulting equation 
gives h − = −h + , which, combined with Eq. (A7) and substituted in Eq. (A5), reduces the covariance matrix to the form
(A9) If one defines ν = cosh(2r), then this Gaussian state describes the two-mode squeezed vacuum state, 38 also known as an Einstein-Podolski-Rosen (EPR) state, with the squeezing parameter r > 0. In the number state basis the EPR state is given by Eq. (1).
We show that the QD density matrix for an even-even measurement in Eq. (19) satisfies q ≥ q + . Eq. (19) is obtained by tracing out the photons in |ψ n1,n2 ψ n1,n2 |, where |ψ n1,n2 is given in Eq. (18) . The coefficient q is
and q + is seen to have the same form except for |m − 1, m; m ′ − 1, m ′ → |m − 1, m; m ′ , m ′ − 1 . Up to normalization, Eq. (B1) is the probability for the state following P n1,n2 inside the norm to be in the space projected by P n1,n2 . The norm of this state and the one of the corresponding state in q + are equal by the unitarity of U BS .
Using the beam splitter transformation (12), we have B2) would, by virtue of the total photon number, have given a nonzero result only for even-odd or odd-even (n 1 , n 2 ) pairs. Since the state norm is identical in q and q + both before and after the operation of (c † ± + d † ± ), which adds a single photon, this operator merely shifts probability of projection from even-odd and odd-even pairs to even-even and odd-odd ones. Since q is zero for odd-odd pairs, a given even-even pair in it, (n 1 , n 2 ), receives all contributions from (n 1 − 1, n 2 ) and (n 1 , n 2 −1), while in q + it shares these contributions with the odd-odd pairs (n 1 − 1, n 2 + 1) and (n 1 + 1, n 2 − 1). We thus conclude that for the even-even case q ≥ q + .
(a) . Normalized values of Cn 1 ,n 2 , the time average of the time-dependent part in the measurement probability, for odd (a) and even (b) values of 1 ≤ n3 ≤ 300, where n3 = (n1 + n2)/2, and n1 and n2 are the photon numbers measured in the first and second detectors, respectively. The coefficient Dn 3 is obtained by summing Cn 1 ,n 2 over all pairs of odd n1 and n2 corresponding to a given n3. The normalized values of Cn 1 ,n 2 exhibit the property of data collapse when n3 is large.
given n 3 is a piecewise linear function of the form C n1,2n3−n1 ≈ a n3 n 1 + b n3 0 ≤ n 1 ≤ n 3 a n3 (2n 3 − n 1 ) + b n3 n 3 ≤ n 1 ≤ 2n 3 , (D1) where a n3 and b n3 are determined by two constraints: Eq. (28) and the linear relation for the standard deviation of the C n1,n2 /D n3 distribution. Equation (D1) is substituted in Eq. (31) , which can then be exactly summed. By comparing the approximate C n1,n2 with their exact values, we find the rooftop approximation error is lower than 2%. We note the approximation is exact when m → ∞, as then the dominant terms in Eq. (31) have high n 3 and an essentially flat η-dependent factor, a fact which, combined with C n1,n2 still satisfying Eq. (28), leads to an exact result.
This insight leads to an improved approximation, the "hybrid" approximation, obtained by summing Eq. (31) up to some high value of n 3 , n 3,max , exactly and then writing the rest of the sum in closed form using the rooftop approximation in Eq. (D1). With n 3,max = 300, we find, by the method noted above, that the hybrid approximation error is below 1%. We use this approximation to plot Fig. 3 .
